We study the finite size corrections for the magnetization and the internal energy of the 2d Ising model in a magnetic field by using transfer matrix techniques. We compare these corrections with the functional form recently proposed by Delfino and LeClair-Mussardo for the finite temperature behaviour of one-point functions in integrable 2d quantum field theories. We find a perfect agreement between theoretical expectations and numerical results. Assuming the proposed functional form as an input in our analysis we obtain a relevant improvement in the precision of the continuum limit estimates of both quantities. *
Introduction
Despite the impressive progress of these last years, 2d quantum field theories (QFT) still provide many interesting open problems. One of these is the finite temperature behaviour of correlators. Besides its experimental and theoretical relevance, this issue is particularly important when these theories are studied by means of numerical simulations. In fact choosing a finite temperature setting corresponds, in the euclidean formulation of the theory, to compactify the (imaginary) time direction on a circle whose circumference R coincides with the inverse temperature. Thus the finite temperature corrections become, in this framework, finite size corrections in the cylinder geometry which, as it is well known, play a crucial role in the extraction of continuum limit expectation values from numerical simulations.
While for a generic 2d QFT finding a functional form for the finite temperature correction seems a hopeless task, recently two interesting proposals by Delfino [1] and LeClair and Mussardo [2] appeared in the literature to address this problem in the simpler case of integrable models. In particular, in [1, 2] , the authors studied the finite temperature behaviour of one-point correlation functions. General arguments suggest that, outside the critical point, any one-point function evaluated on a finite size lattice Φ R should approach its infinite volume limit Φ l R=∞ with an exponential decay of the type Φ l R ∼ Φ l R=∞ + Ce
ξ being the correlation length (i.e. the inverse of the lowest mass of the theory). However with these considerations nothing can be said on the constant C and the higher order terms in the above equation.
The main achievement of [1, 2] was to show that the constant C is indeed universal and to predict its value. At the same time they were able to give an explicit expression for higher order corrections.
The two proposals [1] and [2] , have different theoretical starting points and indeed the predictions for these higher order corrections turn out to be different in the two approaches (for a critical comparison and a discussion of these differences see [3] ). However, if one looks at the first few orders in a low temperature expansion (those which do not involve multi-particle form factors) the results coincide.
The aim of this paper is to test these proposals in a particular integrable model: the 2d Ising model in a magnetic field. This model has recently been the subject of several theoretical and numerical studies [4] - [7] . In particular, in the numerical analyses (performed using transfer matrix techniques [5] or montecarlo simulations [6, 7] ) a great attention was devoted to the analysis of finite size correction. However, despite this careful treatment these correction were the major source of uncertainty in the final results. Our goal in this paper is thus twofold: first we shall use the numerical results for finite size lattices to test the proposals of [1, 2] . Second, we shall see if, assuming the functional form for the finite size corrections proposed in [1, 2] we can improve the precision of the continuum limit results for the one -point correlation functions. This paper is organized as follows. In sect.2 we shall briefly discuss the model, the observables and the proposal of [1, 2] . Sect.3 will be devoted to a discussion of our numerical test and to a comparison with [1, 2] . Finally sect.4 will be devoted to some concluding remarks.
Ising model in a magnetic field
The Ising model in a magnetic field is defined by the partition function
where the field variable σ n takes the values {±1}; n ≡ (n 0 , n 1 ) labels the sites of a square lattice size L 0 and L 1 in the two directions and lattice spacing a 1 . n, m denotes nearest neighbour sites on the lattice. In the following we shall treat asymmetrically the two directions. We shall denote n 0 as the compactified "time" coordinate and n 1 as the space one. The number of sites of the lattice will be denoted by N ≡ L 0 L 1 . The lattice extent in the transverse direction will be denoted as R ≡ L 0 . This length will play a major role in the following. In fact our goal will be to describe the R dependence of the expectation values of the spin and energy operators of the theory. In order to select only the magnetic perturbation, the coupling β must be fixed to its critical value
by defining h l = β c H we end up with
In the continuum limit the model is described by the action:
where σ(x) is the perturbing operator and the perturbing field is the magnetic field h. In this paper we want to use results obtained in the continuum theory to describe the finite size scaling behaviour of the lattice model. In general this would require a precise definition of the relations between lattice and continuum quantities like for instance that between h l which appears in eq.(3) and the perturbing field h. However, as we shall see below, we shall only be interested in adimensional ratios in which all these normalizations cancel out. Thus we shall neglect this problem in the following. The interested reader can find a careful treatment of this issue in [5] .
Lattice operators
As a first step of our analysis let us define the lattice analogous of the spin and energy operators of the continuum theory 2 . The simplest choices for these lattice analogous are 2 Strictly speaking these lattice operators do not correspond exactly to the continuum ones but are instead linear combinations of all possible relevant and irrelevant operators of the continuum theory with compatible symmetry properties with respect to the Z 2 symmetry of the model (odd for the spin operator and even for the energy one). However near the critical point this linear combination is dominated by the corresponding relevant operator (σ for σ l and ǫ for ǫ l ) and the only remaining freedom will be a conversion constant relating the continuum and lattice versions of the two operators. As mentioned above we shall neglect in the following these normalization constants.
• Spin operator
i.e. the operator which associates to each site of the lattice the value of the spin in that site.
• Energy operator
where the sum runs over the four nearest neighbour sites y of x. ǫ b represents a constant "bulk" term which we shall discuss below 3 .
The index l indicates that these are the lattice discretizations of the continuous operators. We shall denote in the following the normalized sum over all the sites of these operators simply as
In the following we shall be interested in the expectation value of these lattice operators. More precisely we shall be interested in:
which implies
• Internal Energy
The internal energy densityÊ(h l ) defined aŝ
It is important to stress that in this case one also has to take into account a bulk analytic contribution (as it happens also for the free energy itself) E b (h l ) which is an even function of h l . Let us define ǫ b ≡ E b (0). The value of E b (0) can be easily evaluated (for instance by using Kramers-Wannier duality) to be
Hence we have
In the following we shall in particular be interested in the ratios
Φ l R being the mean value on a lattice with transverse extent R of the lattice operator Φ l . Since in the ratio all the normalization constants cancel out, we can identify the two ratios with the analogous ones evaluated in the continuum theory, with the continuum operators.
Notice that to perform this identification it is mandatory to eliminate the bulk correction as we did in eq.(11)
Critical behaviour
The critical behaviour of magnetization and internal energy can be easily obtained by means of standard renormalization group methods. One finds
where y h , y t are the are the magnetic and thermal RG-exponents respectively. From the exact solution of the Ising model at the critical point we know that y h = 15 8 and y t = 1. Inserting these values in the above expressions we find
E ∝ |h| 8 15 .
From the conformal field theory (CFT) description of the Ising model at the critical point it is possible to construct also the h dependence of the following terms in the two scaling functions (17) and (18). A detailed analysis can be found in [5] . We shall make use of this result in the following.
S-matrix results
In 1989 A. Zamolodchikov [8] suggested that the scaling limit of the Ising Model in a magnetic field could be described by a a scattering theory which contains eight different species of self-conjugated particles A a , a = 1, . . . , 8 with masses
where m 1 (h) is the lowest mass of the theory. which coincides with the inverse of the (exponential) correlation length. After Zamolodchikov's paper several other interesting results were obtained, ranging from the explicit values of various critical amplitudes [9, 10, 11] to the values of the overlap amplitudes of correlators [12, 13] . All these predictions have been tested with numerical simulations both in the 1d Ising quantum chain [14] , in the dilute A 3 IRF (Interaction Round a Face) model [15] (which is another realization of the scaling Ising model in a magnetic field) and directly in the 2d lattice Ising model [5, 6, 7, 16, 17] and in all cases a full agreement between S-matrix predictions and numerical results was found.
Delfino and LeClair-Mussardo proposals
One of the most interesting features of the approach discussed in [1] is that, by using the form-factor technology the author was able to give a very explicit and compact expression for the first few orders of the finite size corrections both for σ and ǫ for the Ising model in a magnetic field. This result will be of great importance for our analysis. According to [1] a generic one point function Φ R evaluated on a cylinder of transverse size R approaches exponentially its asymptotic value Φ R=∞ with the following law.
where m 1 , m 2 and m 3 are the first three masses (the only ones below the lowest pair creation threshold) of the Zamolodchikov's solution discussed above and K 0 denotes the zeroth order modified Bessel function. The major result of [1] was to show that the A Φ i constants are indeed universal and can be evaluated exactly in the framework of the S-matrix description of the model. Their values in the case of the two operators in which we are interested here are given in tab. 1. As mentioned in the introduction these results turn out to agree at this order with those obtained by LeClair and Mussardo in [2] .
Numerical test
In order to test the above prediction we performed a numerical study of the finite size corrections by using the results of the transfer matrix analysis dis- [5] to which we refer for further details on the algorithm and on the raw data. We only recall here some general informations on the experiment. We studied the Ising model for the 19 different values of the external magnetic field listed in tab.2. For each choice of h we studied lattices with values of R ranging from 10 to 21. For each values of h and each lattice size we evaluated the mean value of the magnetization and internal energy (see however the footnote below eq. (6)). We show in tab.3 a typical sample of our data. An important ingredient of eq. (20) are the values of the first three masses of the theory. In principle these masses could be evaluated directly from the S-matrix solution, using the suitable normalization constants to match with the lattice discretization and then imposing the standard h dependence dictated by the RG analysis. However it is important to stress that at the level of precision of our analysis, these three masses show rather large corrections to scaling for the values of h that we study. To avoid large systematic errors in the analysis of the finite size correction it is mandatory to take into account these corrections (they are discussed in great detail in [5] ). An alternative route, which turns out to be much simpler, is to evaluate these masses, when possible, directly from the transfer matrix calculation. For the present analysis we used this second route. We report for completeness these values in tab.2 and refer to [5] for a detailed discussion of this table. • We always kept the asymptotic value of < σ > and < ǫ > as a free parameter.
Analysis of the data
• The error of the input data was always of the order of 10 −12 . We started by fitting all the values of R and then eliminated them one by one, starting form the smallest ones, until we reached a reduced χ 2 equal or smaller than 1. Then we accepted the result of the fit and stopped the analysis. These acceptable χ 2 's could be achieved for h ≥ 0.075 keeping only the first term in eq.(20). For h = 0.066.., 0.055.., 0.044.. we had to introduce also the second mass. and finally for h = 0.033.., 0.022.. all the three terms were needed 4 . The values of the masses which could not be directly • For all the values of h the asymptotic values that we obtained for < σ > and < ǫ > from these fits are compatible within the errors with those quoted in [5] . In general the present estimates are more precise. This gain in precision becomes larger and larger as h decreases. For instance for h = 0.075 we found
to be compared with the values reported in [5] 
with an improvement of more than one order of magnitude in precision. Let us stress that both this improvement and the fact that all our results agree within the errors (which means typically an agreement within 10 significative digits as in eq.s(21) and (22) ) with
Bessel function in eq.(20) (i.e. m 1 R) decreases as h → 0 thus allowing to detect, within the errors of our data also higher order terms of the equation.
those of ref [5] are rather impressive evidences of the correctness of eq.(20) 5 . In fact, as it can be seen by looking at tab.3, the finite size corrections which eq. (20) is able to describe are much larger (five order of magnitude!) than the uncertainties of the data: the corrections are of the order of 10 −7 while the precision of the input data is 10 −12 .
• For all the values of h we obtained stable and reliable values for A . This is not strange. In all the similar analyses performed in [5] it was impossible to have reliable estimates for the amplitudes of the subleading exponents due to the large systematic deviations induced by the uncertainties in the leading corrections.
Looking at the data of tab.4 one can see that there are rather large corrections to scaling. This is true in particular for A ǫ 1 (for which it is possible that the rather large magnitude of the correction is a consequence of our asymmetric definition for the internal energy, see footnote below eq. (6)). In any case it is clear that in order to test the predicted values for A . This problem is exactly the same that we had to face in [5] to extract the continuum limit values of the critical amplitudes and thus we use here the same method developed and discussed in sect.6 of [5] to which we refer the interested reader for further details.
We used as fitting functions
5 The results of [5] were obtained with an iterative method (see sect.5.1 of ref. [5] and sect.3.1.2 of [16] for a discussion) based on the general assumptions on the finite size behaviour of one point functions summarized in eq.(1). In particular the discussion of sect.3.1.2 of [16] shows that the agreement with the present results is not a case but is due to the fact that the iterative method actually mimics the exact behaviour of eq.(20). It would be nice to see if this iterative algorithm keeps its predicting power even when the theory is not integrable and no exact prediction can be deduced from a S-matrix analysis.
Differently from the cases studied in [5] keeping only two terms in the scaling function is enough due to the large errors in the input data.
The final results are 8.090 < |A 
As it also happens for the energy itself (see [5] ) the leading correction to scaling in the energy sector is rather large and negative in sign.
An attempt to obtain A Φ 2
It is impossible to extract the A Φ 2 by directly fitting. Moreover we cannot improve the situation by using the known continuum limit values of < Φ > and A Φ 1 due to the large correction to scaling whose uncertainty is of the same order of magnitude of the terms that we would like to observe. The only possible way out is to construct a combination of the input data which exactly eliminates < Φ > and A Φ 1 . This can be easily done by combining the values of Φ measured at three different values of the lattice size R 1 , R 2 , R 3 . The combination is the following:
where
The result obtained using as input data those for h = 0.022034... for the magnetization are reported in tab.5. The quality of the result is rather good (15) and is compatible with the prediction for this constant reported in tab.1. Notice however that the quality of the results becomes worse and worse as h increases (they are already almost completely unstable at h = 0.055085...) moreover no result can be obtained for ǫ even at h = 0.022034.... This can be easily understood. It due to the fact that the absolute value of < ǫ > is much smaller than that of < σ > and as a consequence the relative errors (which are those which generate the observed instabilities) are larger. We have checked that in our range of values of h higher contributions in the expansion of eq.(20) essentially give no effect.
Concluding remarks
Let us briefly summarize our main results. this improvement in precision increases.
• The agreement between the present results and those of [5] , besides being a further strong evidence of the correctness of the proposal of [1] and [2] , also points out the power of the algorithm proposed in [5] to deal with the finite size correction. This is an important result since this algorithm is not constrained to integrable theories It would be interesting to extend this analysis to two-point functions, for which very precise numerical results exist for the 2d Ising model in a magnetic field [6, 7] . At the same time it would be interesting to extend this analysis to other integrable models. Both these directions could offer examples in which it could be simpler to discriminate between the two proposals of [1] and [2] .
